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4.2. Proof of the existence result. We first provide conditions on an algebraic
stack ensuring that there are local quotient presentations which are ©-surjective
and stabilizer preserving. This is the key ingredient in the proof of Theorem 4.1.

Proposition 4.4. Let Y be an algebraic stack, locally of finite type with affine
diagonal over a quasi-separated and locally noetherian algebraic space S, and let
y € |Y| be a closed point. Let f: (X,z) — (Y,y) be a pointed étale and affine
morphism such that there exists an adequate moduli space w: X — X and f
induces an isomorphism f|s-1(g, ) over the residual gerbe at y (e.g. f is a local
quotient presentation).

(1) If Y is O-reductive, then there exists an affine open subspace U C X of
n(x) such that f| -1y is ©-surjective.
(2) If Y has unpunctured inertia, then there exists an affine open subspace
U C X of n(x) such that f|,-1 () which induces an isomorphism I, () —
7r_l(U) xy Iy.
In particular, if Y is locally linearly reductive, is ©O-reductive and has unpunctured
inertia, then there exists a local quotient presentation g: W — Y around y which
is ©-surjective and induces an isomorphism Iy — W xy Iy.

We o /%m %u %«Wc]»{/ija% oo #.5

Lemma 4.5. Let X be a locally noetherian algebraic stack with affine diagonal.
Suppose that {U;}icr is a Zariski-cover of X such that each U; admits a good
moduli space and each inclusion U; — X is O-surjective. Then X admits a good
moduli space.
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