
Tolls it february : the geometric template ( When shes a filtration point taunts the closure ofan orbit? )

Recall :

• Definition : A good moduli you for an algebraic stock It is a mop g
: A → Y where Y is on algebraic spree

st

q*
: Resh ht ) → Rashly ) is not and the onanist mop is on equivalence the 9*0a .

The basic oomph ofa goodmoduli spree morphism is the 61T gustintmop :

[216 ) → 2116
.

where 6 is a linearly reductive
group acting over 2 projective scheme .

• Theorem (mumford) : ht 6=6 Ln l e ) oct algebraically on a rarity 2 then :

- The Issue ofan orbit antonis a unique bred slit

- The
mop IT : 2 → 21/6 is surjective

- ne
, y

e- 2 love the same

image applying it iff GI n Ty to

•• Recall thot if 2 admits an ample linenmotion Lsf the oihim of 6 then we say
tht :

- A pint n e 2 is lsemxstohle if for all X : e
*
→ G n - PS

, tu la, 11140 where pulse, H -

-

- wit l l lol

- A pint re ez is nnshtle if 7 I n- PS A pulse, 1170 .

Moreover the points in GIT quotient correspond to the cloud slits in the set of semistille pint and thot every pint in art l al n 2
"

with a t d
'
am he obtained as lying.. Ngl . u with pi H in = 0 (J- H - filtration which "mornings

"

the numerical invariant )
↳ it is already bounded by 0



The geometric template .

Let
us work through the classic oomph ,

let 7=4/6 ) we have the morphism Ezio ] → BG -- C#o ) thot is relatively
representable by projective schemes

. If Y is a regula 2- dim madheron scheme and lo
, ol E Y is a closed point them any

morphism Y ' f lo,of → BG ertensb uniquely to a morphism p : Y → Bb
.

The morphism p shes nst necessarily lift
to X but the lift E : in geo, oil → X defines a section of the morphism Y xp ,

X → Y sur Y l f lo, 011 .

It E be

the closure of the image of this section , thus we have the following diagram
=

Y l f lo, olf - - →§ - - - - s ?
E L Iz j
X-BG

Note thot : it if Y has a Gm - action firing 10,01 and E is Gm eqmrrnmt , then the dotted arrows can be filled om - equivariantby
it if we have a linearization of the Goths'm an 2

, by a line bundle L
,

then I * L will be ample an E if l is

relatively ample for the mop X → 136

This implies that for any point a €171 and a given filtration o → x st out -- re we can determine if u

is a closed orbit by applying the Hilbert - Mumford criterion As I
*
L l i

.

e (semi ) stability is determined in this moment
.

Moreover
, if no point is not semshtte ( i . e there is f : o→ X stwgf * L y O ) then by Horder Nosshuman theory there

is a unique filtration thot mornings the weight .



And for every re E l X l there is a
" bed quotient presentation

"

f : [ A es /Gm ) -7 X ( see Eastern of moduli spas for
algebraic stocks

, Def 2 . 2) where f is a non - degenerate flhotiin .

I • if a is a stable pint of the octroi G Az then my fthstisn f: o -7 It
with flat -- u notifies wg If

*
L ) so

,
this the orbit 6. a is bad I in particular

^
~ the n - Ps determined by f is also closed ) . Finally if it : A → ht I then u

can be sundered as a pint of htt which classifies its orbit.
• if u is a semistitle point then any flhohsn f : o → it with flat -- a

←
notifies wg If

*L ) to
, by HN boundedus there is fo : o -rt rt wgtfo

*

4=0

IT thus the orbit of u is not closed
.

Thus the point in El Mio, otitis precisely
A

IM a
-

the closure of the t- Ps determined by f . Finally if it ; it→htt
,

then the point
I am he considered

as on.
Ind pint of htt and f identifies itwith a .

a- classifies
✓ the closure of the orbit 6. a .

• If u is unstable then the HNproperty and the number ng If
*
L ) determine

• shohfustim of the points of htt .

In conclusion we have tht the mop it : it → l 't I restated to it : [2%6]-74%7In
where - is the relation which identifies points ts the closure ofthe HN n - PS is a goodmoduli space .



Now we apply the same methods tbh d lH generalizing carefully .

revolt : Manstoncity win
"

oo - din 6 IT
"

gone us
the diagram -

-

Y l lo, ol\
,

where we distinguished E e Gnµ as

Xv
Gm → Me the dome of the wage of T¥1 tarot
Y
- 7

g

Recall Is thot the polynomial remount D defined from the line bundles Ln over M is study S - mashie n

E hss
a Gm oihsin fang lo

,
ol and the morphine : E →M is Gm- egimorimt, thus the pullbacks I

* (Ln ) will be ample
an E for all my o this willallow us As not only identify which points ofMore Isami) still , D already tells us

,

but thanks to the HN property of D it will give us the dome of the orbits and ultimately the relation n on points .

-

•. If a E lMl is a stolle point ofM then by definition MMM co this mens thot for any
filtration f : o → Most fin -- a . By Rees 's construction we can identify f with a flhohm of a

thot we will note by Te
.

,
we know that Dlf ) : =W = Eat IT ten item + n

- F Te ) . oh tem Irena
Ibibio )#j q rk TenItem+i

m

'

Thus we recovered the fresher still pure shoves an K .

m Eu

since there
are ns.destolrlyimgfltratisns we don't identify u with no other point



• If a t IMI is a semistable point then by definition M
"

hel EO and by MN boundedness there

is
a filtration f : o→ Me with 7) (ft -- O .

itgoin by Rees 's construction this suesponds to
a

filtration Te
. of a we thus hone the diagram :

E N
,

P

yeah
→ esh

where the point corresponding to e ,no,
is gr (Te. ) by uniqueness of the Gm -

Y l lo
,
ol - Y filling property .

Thus we have Nfl = Seam (Frem item + n

- pipe ) . rh pen , rene ,

= 0
, I re

mypen
= pipe

and by situation
+ n

esh Tem Irem
.. .

is stolte
,
this is the Jordan Holden fttrotim .

Thus the stock celom )→ *

with
a goodmoduli spore identifies op

Te
.
with Te in I lost thy proposition 4.4 of Eastern of Moduli

spas for algebraic stocks
.

Evenmore we have tht Lah "→ Hoh " lh is a good moduli you by the same proposition .

Remark : Theorem 4.1 Kath th ) builds the goodmoduli you by severing lol wth gusto presentation around every ret htt i. e

f : ( EspnAlan ) ,
o ) → ft , u ) which is an 'elite and affine panted morphism .

This ion Iss be done for Lah (x ) by hiking neighborhoods around every point at Hohl .

↳ fans-hinted by using
"
Perturbation offdhohsms

"
Isee Theorem 3.60 HLN)

which gives a lyutim between flhsdiss ofa pit at A white one

" close "

As a flhohsn f and filtration of the godaddy which one
"chose " tho ansmistfelt offlol

.



We can then glue these hood quotient presentations by lemma 9. s
.

With this construction we recover the moduli of fuseher semntdk pure
sheaves

on x with Hilbert polynomial P. We on

recover the properness of the moduli you by checking thot fahd Hl notifies the eastern port of the robotic interim for properness.
And we on reisner the drohfustxim by Horder Normanton by applying the some methods to unstable puts .

remark : * We never used a global action As construct bsh "-n Kl
.

* The related moduli problems Point H and MohdK) have rotund stocks
so we can repeat the entireconstruction

on them
,
since their mannered invariant comes from pullback through the forget morphism Me Ish

.


